The aim of this paper is to establish some extensions of Holder's inequality in the case 0 < r < 1 and Minkowski's inequality for isotonic linear functionals taking into account that the time scale Cauchy delta, Cauchy nabla, α-diamond, multiple Riemann, and multiple Lebesque integrals all are isotonic linear functionals. Several applications of these results for other particular isotonic linear functionals will be also obtained.
Introduction
In this paper we adopt the notations from the monograph [4] of Bohner and Peterson. For further information concerning time scales, see [4] . The following results of this section will be useful below in order to establish the main results of this paper, and can be found in [4] , in [16] , in [3] and in [8] .
Many classical inequalities are proved in the monograph [12] for the so-called isotonic linear functionals and using the fact that the time-scales integral is an isotonic linear functional, we can use these results to these integrals. Also in [9] appear other usual examples of isotonic linear functionals that are normalised.
Therefore the results from this paper which take place for such functionals can be rewritten for these particular examples. Moreover, as applications, Gruss type inequality and some of its refinements which take place for normalised isotonic linear functionals will be true for the time scale Cauchy delta, Cauchy nabla, α-diamond, multiple Riemann, and multiple Lebesque integrals.
Therefore we need to recall the results which will be used below. The following definition is given in [3] , [8] and it is necessary to recall it here. Definition 1. Let E be a nonempty set and L be a class of real-valued functions f : E → R having the following properties:
An isotonic linear functional is a functional A : L → R having the following properties:
The mapping A is said to be normalised if (A3) A(1) = 1.
In order to state the main results from section 2, it is usefull to recall the following theorems and examples given in [3] . Theorem 3.2 Let T be a time scale. For a, b ∈ T with a < b, let
Then (L1) and (L2) are satisfied. Moreover, let
where the integral is the Cauchy delta time-scale integral. Then (A1) and (A2) are satisfied.
Theorem 3.4 Let T be a time scale. For a, b ∈ T with a < b, let
where the integral is the Cauchy nabla time-scale integral. Then (A1) and (A2) are satisfied.
Theorem 3.5 Let T be a time scale. For a, b ∈ T with a < b, let
where the integral is the Cauchy α-diamond time-scale integral. Then (A1) and (A2) are satisfied.
In Example 3.3 from [3] are given four particular cases for Theorem 3.2. First case is when T = R. Then L = C([a, b], R) and
The second case is when T = Z. Then L consists of all real-valued functions defined on [a, b − 1] ∩ Z and
The third case is when T = hZ, h > 0. Then L consists of all real-valued functions defined on [a, b − h] ∩ hZ and
Finally, last case is considered when T = q N 0 , q > 1. Then L consists of all real-valued functions defined on [a,
Now we will recall Holder's inequality for isotonic linear functionals as it appears in [12] . 
Then inequality is reversed if 0 < p < 1 and A(|w||g| q ) > 0, and it is also reversed if p < 0 and A(|w||f | p ) > 0.
We enunciate Theorem 2.2 from [1] , in the case of these functionals when p > 1 and then the same kind of theorem, Theorem 1 from [2] in the case of these functionals when 0 < p < 1. The proof of the result from below is given in [6] .
Theorem 2. Let 1 < p < ∞ and let q = p p−1 be its conjugate exponent, L satisfy conditions L1, L2 and A satisfy A1, A2 on the set E.
while if 2 ≤ p < ∞, the terms 
Subdividing of Holder's inequality for isotonic linear functionals
In this section, we give some refinements of Holder's inequalty and of subdividing of Holder's inequality in the case when 0 < r < 1 and Minkowski's inequality for isotonic linear functionals and as applications the corresponding inequalities for on time scales Cauchy delta, Cauchy nabla, α-diamond integrals. These results are generalizations of some results given in papers as [1] , [2] , [5] , [14] and [15] . be its conjugate exponent, L satisfies conditions L1, L2 and A satisfies A1, A2 on the set E.
If hk, k
, the terms r and 1 − r exchange their positions in the preceeding inequalities.
Proof. The proof will use similar reasons with the corresponding result from [2] , or can be seen in [7] . Theorem 4. Let 1 < p < ∞ and L satisfying conditions L1, L2 and A satisfying A1, A2 on the set E. Considering the nonnegative functions f, h
, when 1 < p ≤ 2, while if 2 ≤ p < ∞ then the same inequality takes place but with
Proof. We suppose 1 < p ≤ 2 and by applying inequality (2) from Theorem 2 first time for f and
and then for h and
we will obtain:
.
We will give below a correponding variant of Minkowski's inequality in the cases of the time scales Cauchy delta, Cauchy nabla and α-diamond integrals. Consequence 1. (i) Let 1 < p < ∞, and the positive functions f, h ∈ C rd ([a, b), R). The following inequality takes place: ((a, b] , R). The following inequality takes place: 
when 1 < p ≤ 2, while if 2 ≤ p < ∞ then the same inequality takes place but with such that s > t > 1 or s < t < 1; t > s > 1 or t < s < 1, and L satisfies conditions L1, L2 and A satisfies conditions A1, A2 on the set
> 0 and f, g are positive functions then
and
Proof. By inequality (3) given in Theorem 3, applied for p =
Applying again Theorem 3 for 0 < s−t 1−t < 1 or
Taking into account these three inequalities we obtain the desired inequality.
For second inequality we taking into account the first inequality from Theorem 3 and use the same reason like before.
Some consequence of previous inequalities for the time scales Cauchy delta, Cauchy nabla and α-diamond integrals will be presented below.
, and q = s−t s−1 such that s > t > 1 or s < t < 1; t > s > 1 or t < s < 1. Then we have,
, and q = s−t s−1 such that s > t > 1 or s < t < 1; t > s > 1 or t < s < 1. Then we have, such that s > t > 1 or s < t < 1; t > s > 1 or t < s < 1. Then we have,
We can also state the following improvement of Minkowski's inequality for isotonic linear functionals giving in this way a refinement of Minkowski's inequality for the delta integral, the nabla integral and the diamond-α integral from [5] .
Theorem 6. Let p > 0, s, t ∈ R − {0}, and s = t. We consider p, s, t ∈ R different numbers, such that s, t > 1,
A satisfies A1, A2 on the set E. If f, g ≥ 0 on E with (f +g) Proof. We will use first inequality (2) from Theorem 2 and then the inequality (4) .
We use first time s > 1 for inequality (4) and the second time t > 1, obtaining:
